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Summary

The hepatic outflow curve following a bolus input can be adequately
described by an axial dispersion model, expressed in terms of a
second order partial differential equation that requires a set of
boundary conditions. Three boundary conditions have been
proposed - open, closed and mixed. Of these, closed conditions
are favored as the mass is conserved within the boundary, whereas
the mixed boundary conditions are the most commonly applied
to describe hepatic outflow data due to the ease of its analytical
form. In the present study, the impact of the boundary conditions
on the parameter estimates was investigated by re-analysis of the
experimental data obtained from the single perfused rat liver
preparation. The results of this study indicated that the divergence
between the conditions with regard to Dy (dispersion number)
estimates was not as apparent as the theoretical analysis predicted.
The difference between the estimates of Dy seemed small (e.g. an
overall mean Dy value: 0.28 + 0.01 vs. 0.35 + 0.02) and consistent
with a ratio (closed-to-mixed) of 1.23 + 0.02. This value transforms
the commonly quoted range for Dy (0.2-0.5) from mixed conditions
to a similar range (0.25-0.62) for the corresponding closed
boundary conditions. Similar goodness of fit criteria further
suggests that the closed boundary model does not describe the
outflow data better than the mixed boundary model.
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Aksiyal Dispersiyon Modelinden Elde Edilen Parametreler
Uzerine Sumir Kosullarinin Etkisi
Ozet
Bolus uygulama sonucunda elde edilen hepatik ¢ikis egrileri, ikinci
dereceden bir diferensiyel denklemle ifade edilen ve ¢oziimii icin
stir kosullarina gereksinim gosteren aksiyal dispersiyon modeli
kullanilarak tanimlanabilir. Ug sinr kogulu onerilmistir; acik,
kapali ve karigik. Bunlardan kapali kosullar sinirlar igerisinde
kiitle korundugu icin tercih edilmekle birlikte analitik formunun
kolaylig: nedeniyle hepatik ¢ikis: verilerini tanimlamak amaciyla
en ok karigik kosullar kullanilir. Bu ¢alismada tek gecisli perfiize
sigan karacigeri preparatindan elde edilen verilerin tekrar analizi
ile parametreler iizerine sinir kogullarinin etkisi incelenmistir. Bu
caligmanin sonuglari, Dy (dispersiyon sayisi) icin kosullar
arasindaki farkin teorik analizle tahmin edilen kadar belirgin
olmadigini gostermistir. Hesaplanan Dy’ler arasindaki farkin
kiigiik (or. genel Dy degeri ortalamasi: 0.28 + 0.01 vs. 0.35 +
0.02) ve tutarli bir 1.23 oraninda (kapali-karisik) oldugu
goriilmektedir. Bu deger karigik kosullar igin siklikla bildirilen
Dy sayist sumrlarin (0.2-0.5) kapali kogullarda bu sinirlara karsilik
gelen benzer sinir degerlerine (0.25-0.62) gevirir. Ayrica benzer
uyum 1yiligi parametreleri kapali simir kogullarinin ¢ikig verilerini
karisik kosullardan daha iyi tanimlamadigini onermektedir.
Anahtar Kelimeler : Dispersiyon modeli, sinir kosullari,
kapali kosullar, karigsik kosullar

INTRODUCTION

The dispersion model has its origins in chemical
engineering and was introduced into the field of
pharmacokinetics by Roberts and Rowland! to

describe the mixing events in the liver. It has also
been applied to many physical systems!-6 including
displacement of solute through short laboratory soil
columns. The basis for application of this model to
the liver is the transit time distribution of blood
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elements in the organ, resulting from variations in
blood velocities in individual sinusoids, variations
in sinusoidal dimensions, branching of sinusoids and
interconnections between the sinusoids. The
complexity of the model is due to the representation
of the distribution of the solute on transit through
the liver by a second order partial differential equation,
which requires an appropriate set of boundary
conditions, describing the flux entering and leaving
the organ, to be solved. Three boundary conditions
have been proposed - open, closed and mixedl,
although many more combinations have been
proposed7. Of these, the closed boundary conditions
have been favored by some’-, as they ensure a
continuity of the fluxes across the boundary and also
because it is reduced to both the well-stirred model
when Dy= and to the tube model when DN=07.
Although the mixed boundary conditions are
considered unrealistic and inappropriate as they are
non-conservative in mass balance?, they are the most
commonly applied to describe hepatic outflow datal®-
13 because they provide an explicit solution for a
bolus input rather than a more complex numerical
solution for the closed boundary solution.
Theoretically, with small degrees of spreading (e.g.
Dy < 0.2), the choice of the boundary conditions is
immaterial, as all conditions predict essentially the
same outflow curve for a given Dy. However, the
predictions are expected to increasingly diverge with
an increase in the Dy value. Recently, Oliver!4, on
the grounds of theoretical analysis, suggested that
the most commonly quoted Dy value (Dn=0.33) for
the hepatic outflow data obtained from the mixed
boundary conditions would translate to a value of
0.6 for the corresponding closed boundary conditions.
In practice, the impact of boundary condition choice
on the estimation of Dy is not that clear. Moment
theory would predict the same value, but separate
regression of the two models with the data may
predict different values and affect the estimates of
the Dy parameter. Re-analysis of the experimental
data would be the only true means of clarifying this
aspect and resolving these questions. Therefore, we
aimed to investigate this aspect by fitting the
dispersion model under mixed and closed conditions
to the hepatic outflow profiles of labelled urea and

water, obtained using the single-pass in situ perfused
rat liver preparation.

THEORY
Mathematical Model

According to the dispersion model the liver is viewed
as a cylindrical vessel, wherein net movement of
solute is partly due to convection and dispersion and
partly to diffusion of drug between the blood and
hepatocytes, wherein elimination occurs. When the
radial transfer of solutes between the blood and
hepatic spaces is instantaneous, the hepatic outflow
can be described by a one-compartment dispersion
model. In its dimensionless form, the dispersion
equation can be written as

o, oc o

—=D Eq.1
or Yoaz* oz

R,C

where Z is the distance along the liver normalized to
the length of the liver L; C is the concentration of
drug in blood within the liver normalized to the input
concentration, and T is time normalized to the mean
transit time of the drug within the liver. Dy is the
dispersion number, a measure of relative axial
spreading of a solute in the liver, and Ry is the
efficiency number, which depends on the unbound
fraction of solute in blood, fug; intrinsic clearance,
Clijng; and drug permeability, P.

The rate equations for defining the dispersion model
are second-order partial differential equations and
require a set of boundary conditions in order to be
solved by either analytical or numerical methods.
Roberts and Rowland! considered three boundary
conditions - open, closed and mixed. In this paper,
we will focus on the mixed and closed conditions as
they are of particular interest to us.

Boundary Conditions
Mixed Conditions

These are the most commonly applied boundary
conditions in the field of physiological modelling, in
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particular to the liver!0-13. The system is defined in
Figure 1a as having a semi-infinite range extending
from Z=0 to Z=+ . The flux into the system is
described by the convective term alone and totally
neglects the dispersive component. Van Genuchten
and Parker? referred to this condition as a
concentration type. The equation has the form

Mixed system (a)

Closed system (b)

Figure 1. Schematic representation of the physical systems that
are defined as a result of the boundary conditions: (a)
Mixed system, which is the most widely applied to
describe hepatic effluent data, and (b) closed system
defined by the Dankwerts conditions.

C=58(T), at Z=0, T>0 Eq.2

This condition is thought to least describe the practical
situation27. The outflow condition is imposed at Z=

+ o0, where
. _ S
Iz Im C=0,T>0 Eq.3

In Laplace domain, the transfer function for the mixed
conditions, w(s), is defined by

w(s) = exp|: 12_Da:|

where

Eq4

1/2 Eq.5

a =[1+4D, (R, +V,/0)]
In Eq.5, Q is the organ blood (perfusate) flow rate
and Vyg is the apparent volume of distribution of
solute within the liver. For non-eliminated solutes,
Ry is equal to zero.

The analytical form of the mixed solution can be
shown to have the form given by Roberts and

Rowland!
(Z-T)
CT1Z - — - .
( ) (4 DNT3)1/2eXp|: (4DNT) :| Eq.6

which is defined over the region Z = 0,.

Closed Conditions

The closed conditions, frequently known as
‘Dankwerts’ conditions, are applied when the system
is represented as a tube of finite length which is equal
to unity in the scaling system. A schematic
representation of the closed system can be seen in
Figure 1b. The bolus input into the system is
administered at the entrance to the organ, Z=0. The
flux into the system comprises both convective and
dispersive flux terms, so the equation representing
this boundary condition is

c-DNg—$=a(T), at Z=0, T>0

Eq.7
Inflow conditions of this form allow mass to be
conserved within the system?815 and are accepted
as the most realistic and physically meaningful
conditions to be applied. The controversy about the
closed boundary conditions lies in the condition
applied at the exit boundary. There, the concentration
gradient is set equal to zero. This assumption is
thought to be purely based on intuition815,16. The
equation has the form

a—CZO, Z=1, T>0
oT

Eq.8
However, accepting such a condition allows the
problem to be completely defined over the organ
length, and allows both analytical and numerical
solutions to be readily obtained%®1517 without
occurrence of any mass loss from the system. [

An analytical solution to Eq.1 using the closed
boundary conditions equations (Egs. 7 and 8) can be
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obtained using Laplace transform methods. The
transfer function in Laplace domain, w(s), is defined
by

4a

2 a-1| . _» _1l+a
(1+a) @Xp[zo } (-9 @xp[ 2DN]

N

w(s) =

where a is given by Eq. 5.
EXPERIMENTAL DATA
Perfusion Procedure

Experimental data was obtained from the single-pass
in situ perfused rat liver. The preparation has
previously been described in detail'®. Briefly, the bile
duct was cannulated under intraperitoneal anesthesia
(60 mg/kg, sodium phenobarbital). After rapid
cannulation and ligation of the portal vein, the liver
was perfused (12 ml/min) in a single-pass mode with
Krebs-bicarbonate buffer (pH 7.4) containing glucose
(3 g/L) and sodium taurocholate (6 mg/L), and
saturated with humidified 95% O,- 5% CO,. The total
hepatic outflow was collected via a tubing inserted
into the thoracic vena cava through the right atrium.
Viability of the preparation was assessed by
monitoring bile flow, visual examination of the liver
and perfusate recovery.

A bolus dose (50 pl) of reference markers (e.g. red
blood cells, albumin, sucrose, urea and water) was
injected into the injection port of the portal vein
cannula and then the total effluent was automatically
collected at 1-1.5 sec intervals, and thereafter at
increasing time intervals for a further 2 min.
Radioactivity in the outflow perfusate was determined
by liquid scintillation, with results expressed as dpm.
Of these reference markers, only urea and water were
chosen to test the dependency of parameter estimates
on the boundary conditions.

Data Analysis
The outflow concentration of the solutes at the

midpoint time of the collection interval, C(t), was
transformed to frequency outflow (f(t), 1/sec) using

10

the following equation.

f(t) = %

Eq.10
where Q is the perfusate flow rate (ml/sec) and D is
the injected dose (in dpm). The lag time corresponding
to the nonhepatic region of the experimental system
(2.5 sec) was subtracted from the sampling time in
all calculations and curve fitting.

Model-dependent analysis

The frequency output versus time data were modelled
using a numerical inversion program (MULTI-FILT
version 3.4; 19). The one-compartment dispersion
model under both the mixed (Eq.4) and closed (Eq.9)
boundary conditions was applied to the same data
sets for parameter (Dyn and Vyy) estimation. The
goodness of fit was judged by visual observation, the
coefficient of variation associated with the parameter
estimates, the sum of squared residuals, and the
Akaike information criterion.

Model-independent analysis

A model-independent estimate of Dy for
noneliminated solutes can be obtained directly from
the experimental data using statistical moments. The
mean transit time (MTT) of a single-pass system for
noneliminated solute is given by the relationship

}tC(t)dt
MTT =%——
J'C(t)dt

Eq.11

ftZC(t)dt
VIT = %——m—
IC(r)dt

—(MTT)? Eq.12

where VTT is the variance of the transit times. Relative
variance CV2 is given by
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2 VT1

S M7y Eq.13

Roberts and Rowland! derived the first three moments
of the dispersion equation for the various conditions.
Based on these moments, the relationship between
the relative variance and Dy is given by
for mixed conditions:

CV2 = 2DN Eq14
for closed conditions:
CV? = 2Dy- 2Dy? (1-e7/PN) Eq.15

Although Eq.14 has been used to obtain an estimate
for the dispersion of solutes on transit through the
liver12,20,21, application of Eq.15 has not been made
in the pharmaceutical literature; one suspects this is
a result of its more complex formula, requiring a more
extensive method of solution to obtain an estimate
of Dy. In the present study, for the sake of simplicity,
a bisectional method was employed for the estimation
of the Dy value from Eq.15. In these calculations the
only assumption made was that CV2 obtained from
the moment analysis was the same regardless of the
condition used.

RESULTS

The one-compartment dispersion model adequately
described all the outflow data of urea and water.
Representative frequency outflow versus time profiles
of urea (Figure 2) and water (Figure 3) are shown
together with the profiles predicted for the mixed
and closed solutions of the dispersion model. The
sum of squared residuals and Akaike information
criterion for the mixed boundary model are very
similar to the values obtained for the closed boundary
model. Regardless of both the boundary conditions
and the compounds studied, the coefficients of
variation for the parameter estimates were less than
5% (Table 1).
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Figure 2. Linear (A) and semilogarithmic (B) plots of observed
frequency outflow versus time profiles of *C-urea, and
the corresponding fitted lines by the one-compartment
dispersion model under mixed (00 ) and closed (...)
boundary conditions in a representative rat liver.

Table 1..Goodness of fit criteria for the parameter [l
estimates (mean + SE; n=5)

SS: Sum of squared residuals. AIC: Akaike information criterion.
CV: Coefficient of variation for parameter estimation.
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Figure 3. Linear (A) and semilogarithmic (B) plots of observed
frequency outflow versus time profiles of *H-water, and
the corresponding fitted lines by the one-compartment
dispersion model under mixed (O) and closed (...)
boundary conditions in a representative rat liver.

Dy value: A general trend of lower Dy for the mixed
boundary conditions was obtained for each of the
reference markers (Table 2). An overall mean Dy
value of 0.28 (+ 0.01) obtained for the mixed conditions
corresponded to a value of 0.35 (+ 0.02) for the closed
boundary conditions. The overall Dy ratio (closed-
to-mixed conditions) varied from 1.18 to 1.34 with a
mean value of 1.23 + 0.02. A correlation coefficient of
0.99 was obtained when a regression analysis was
performed between the Dy values of the mixed and
closed models, indicating that a strong relationship
exists between the Dy’s of both models (Figure 4).
The results for the model-independent and model-
dependent estimates of Dy obtained for urea and
water from the mixed and closed boundary conditions

12

Figure 4.

0,25 0,3 0,35 04
Dymixed

Regression analysis between Dy values of the mixed
and closed conditions.

Table 2.[Parameters obtained by applying the one-[I]

compartment dispersion model under the [I]
mixed and closed boundary conditions to [
the outflow profiles of 14C-urea and 3H-[I
water following bolus administration into []

the single perfused rat liver via the PV

are shown in Table 3. The magnitude of the DN
obtained for urea and water was very similar
regardless of both the method and boundary
conditions utilized. Nevertheless, the Dy ratio (closed-
to-mixed) for both urea and water estimated from
the moment analysis was slightly higher than that of
the dispersion model.

Volume of distribution: Regardless of the boundary
conditions used, the volume of distribution of water
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was slightly larger than that of urea (Table 3). The
volume of distribution estimated from the dispersion
model with closed boundary conditions was about
96% of the value obtained from the mixed boundary
conditions. The Vi values estimated from moment
analysis (urea: 0.65 + 0.04 ml/ g and water: 0.73 + 0.05
ml/g; mean + SE, n=5) and dispersion model (see
Table 1) were in good agreement.

Table 3. Model-independent and model-dependent [

estimates of D)\ values

OThe mean CV? values used for the calculation; urea: 0.52;
water: 0.54
BClosed-to-mixed Dy ratio

DISCUSSIONL!
Review of the literature

Active discussion about the dispersion model is
documented as early as 1908 when Langmuir22
determined steady-state solutions using closed
boundary conditions. At a much later date,
Dankwerts!® obtained the same solutions using the
closed conditions, which were later named after him.
Since then, examination of the model and the
properties of the various combinations of the
boundary conditions have been considered by others8
from different viewpoints and using different
approaches. Further investigation was made by Wen
and Fan” who compared the model with a
compartment-in-series model, with and without back
flow. They argued that the closed solution is the most
appropriate as it was the only one for which its
mathematical form could be reduced to both the tube
and well-stirred models. Since this investigation by
Wen and Fan’, the dispersion model has been applied
to many physical systems256, including displacements

of solutes through short laboratory soil columns by
Van Genuchten and Parker2 and physiological
modelling by Roberts and Rowland!. Since their
introduction of the model into the area of physiological
pharmacokinetic modelling, it has been used!0-13 to
describe and investigate the distributional properties
of the liver.

The dispersion equation is expressed by a partial
differential equation, and the entrance and exit
boundary conditions are necessary to obtain its
solution. The boundary conditions for the dispersion
model are based upon the characteristics of the system
at the site of tracer injection and collection. In the
context of hepatic metabolism, the blood vessels
entering and leaving the liver serve as the tracer
injection and collection sites23. Considerable debate
has centered on the choice of the boundary conditions.
One of the methods evaluating the applicability of a
set of boundary conditions is to examine whether
mass conservation is observed within the system.
Application of a condition that generates mass at the
entrance into and exit from an organ as a result of the
boundary conditions applied is undesirable. This is
especially so when the model is applied to a whole-
body situation, where tissue concentrations will be
estimated and mass balance is important. Van
Genuchten and Parker2 made a critical evaluation of
the boundary conditions and concluded that the
mixed conditions were inappropriate due to their
inability to conserve mass within the system on their
application, and defined an upper limit for Dy where
the divergence occurs between the mixed and closed
boundary conditions. They showed that only if Dy
were < 0.2 would the difference between the models
be negligible. Further, Forment and Bischoff?*
commented that the profiles are similar for the
different boundary conditions for reasonably high
values of the Peclet number (and hence reasonably
low values of the Dy estimate). Roberts and Rowland!
initially chose the closed conditions but later favored
the mixed conditions due to the ease of its analytical
form. Review of the literature shows that the
conclusions made by Roberts and Rowland! are not
incorrect when we consider the region in which the
estimates of the Dy (0.1-0.2) lie in their original

13




Sahin, Oliver, Rowland

application of the model. However, application of the
model to a more extensive body of literature and
different species and compounds10-12 yields a range
of Dy (0.2-0.5) that lie in the region where uncertainty
of the true physical system develops. Recently, Hisaka
and Sugiyama® recommended the use of closed
conditions for the analysis of local pharmacokinetics
since the mixed solution of the dispersion model with
a bolus input is the inverse Gaussian distribution,
which requires an open boundary at either the inlet
or the outlet. On the other hand, Roberts et al.?> urged
a pragmatic approach based on simplicity, robustness,
predictability and usability. They suggested that the
mixed condition solutions may be the easiest to use
for estimating availability and modelling
impulse-response profiles when linear kinetics apply,
whereas closed conditions are easier to use in
numerical modelling of non-linear kinetics by the
dispersion model. Despite all these theoretical
considerations, it is surprising that practical
application of the boundary conditions to the same
data set has not been reported in the literature. This
aspect will be discussed in the following section.

Experimental Data

In the isolated liver preparation, the liver is positioned
between the input and output catheter (nonhepatic
region), both of which may cause considerable
dispersion of solute administered. Consequently, the
residence time distribution from the liver may be
distorted in the experimental devices. Apparatus
dispersion is particularly important when modelling
the outflow profiles of substances which have a short
mean transit time such as red blood cells, albumin,
and sucrose. In this study, urea and water were chosen
to investigate the influence of boundary conditions
on the parameter estimation, as the distortion caused
by the experimental system is less significant due to
longer mean transit time in the liver (about 30 sec)
compared with the mean transit time in the nonhepatic
region (2.5 sec). Thus, the time delay within the
nonhepatic region can be simply removed by
subtracting the lag time from the sampling time.

As there was no indication of a potential permeability

14

barrier (i.e. hepatocyte membrane) within the liver
for urea and water, only the one-compartment form
of the dispersion model was applied to describe the
outflow profiles. Based on the goodness of fit criteria,
there was no indication of superiority of the closed
model over the mixed model in terms of describing
the hepatic outflow profiles of urea and water. With
regard to the parameter estimation, the two forms of
the dispersion model yielded very similar values for
the volume of distribution (Table 2), which were in
accordance with the values estimated from moment
analysis (for urea: 0.65 + 0.04 ml/g, and for water
0.73 + 0.05 ml/g). This close agreement between
volume of distribution values for the mixed and closed
boundary models supports the idea that the boundary
conditions have minimal effect on the estimation of
Vi On other hand, the Dy values (0.23-0.37) obtained
for urea and water from the mixed boundary model
were beyond the critical value (Dy > 0.2) where the
divergence would be expected to be occur between
the models. In contrast to the theoretical analysis, the
magnitude of the divergence between the models
was small compared to the results expected based on
moment analysis. For example, for a CVZ of 0.66, Dy
= 0.33 for the mixed boundary model translates to
0.6 for the closed boundary model4. Although the
Dy ratio (closed-to-mixed) was the highest for the
highest Dy value of the mixed boundary model (1.34
for 0.37, respectively), this was thought to be a random
effect rather than a trend since the same Dy ratio was
observed for different Dy values (e.g. 1.20 for Dy
values of 0.23, 0.26, 0.28 from the mixed model).
Nevertheless, the dispersion ratio obtained from
model-independent analysis was about 1.6, which
was slightly higher than that obtained from the model-
dependent approach (1.23) but similar to the
theoretical value (0.6/0.33 = 1.82). Although the closed
and mixed boundary conditions yield different Dy
values but not volume of distribution, the difference
between the estimates of Dy’s seemed small and
consistent with a ratio (closed-to-mixed) of 1.23 (+
0.02; SE, n=10). This can be taken as an advantage to
transform the commonly quoted range for Dy (0.2-
0.5) from mixed boundary conditions to a similar
range (0.25-0.62) for the corresponding closed
boundary conditions. Similar goodness of fit criteria
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also suggests that the closed boundary model does
not describe the outflow data better than the mixed
boundary model. This result supports the idea that
in the context of hepatic metabolism, in a physical
sense, during single-pass, the solute molecules leave
the liver permanently, and from this point of view
the mixed conditions are said to be more appropriate
(i.e. outflow conditions should not affect the events
occurring in the liver26).

CONCLUSIONS

Although the theoretical analysis suggests that the
closed conditions are more desirable on the ability of
the system to conserve mass and also that the
divergence between the models would be apparent
beyond a Dy value of 0.2, re-analysis of the
experimental data does not support this observation
and suggests that, on the basis of goodness of fit
criteria and parameter estimates, the closed model is
not superior over the mixed model in describing the
hepatic outflow data of urea and water. Furthermore,
unlike the simulation results, the divergence between
the models was small and consistent with a ratio of
1.23, even beyond the Dy values of 0.2.
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